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Recap

Intuitionistic Epistemic Logic (Artemov and Protopopescu, 2016)
Intuitionistic propositional logic + modal K operator modelling
intuitionistic knowledge ( = provability)

1 𝐴 → K𝐴 (co-reflection)
2 K (𝐴 → 𝐵) → K 𝐴 → K 𝐵 (distribution)
3 K 𝐴 → ¬¬𝐴 (intuitionistic reflection)

Two logics: IEL and IEL− (intuitionistic belief)
IEL Axioms are valid when K is interpreted as propositional truncation
(∥ ⋅ ∥∶ 𝕋 → ℙ)
This talk: Decidability, Cut-Elimination, (Constructive) Completeness
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Recap II

Quick reminder: Natural deduction ⊢, Kripke-style semantics ⊩
Completeness proof using canonical model construction with worlds
built from consistent prime theories
𝒯 ⊢ 𝐴 ⟹ 𝒯 ⊨ 𝐴 (Soundness)
𝒯 ⊨ 𝐴 ⟹ 𝒯 ⊢ 𝐴 (Completeness)
Using LEM trice: Lindenbaum lemma, truth lemma and top-level

Today
(Γ ⊢ 𝐴) + (Γ ⊬ 𝐴) (Decidability)
𝒯 ⊩′ 𝐴 ⟹ ¬¬(𝒯 ⊢ 𝐴) (Quasi-completeness)
𝒯 ⊢ 𝐴 ⟹ 𝒯 ⊩′ 𝐴 (Soundness using LEM)
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Decidability via proof-search

Without constructive finite model property1 need syntactic method
for proof search
Standard approach: Cut-free sequent calculus (with subformula
property) yields decidability
2 step proof

1 Cut-elimination (for IEL proven by Krupski and Yatmanov (2016),
similar to textbook Troelstra and Schwichtenberg (2000) for
propositional logic)

2 Proof search based on fixed-point iteration (Dang, 2015; Smolka and
Brown, 2012)

1IEL enjoys the finite model property Wolter and Zakharyaschev (1999) per Rogozin
(2020)
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Representing derivations

𝐴, 𝐵, Γ ⇒ 𝐶
𝐴 ∧ 𝐵, Γ ⇒ 𝐶

Explicit permutation rule:
sc A::B::Γ C -> sc (A ∧ B)::Γ C
sc Γ A -> Γ ≡𝑃 Γ′ -> sc Γ′ A
Structural encoding:
sc Γ++A::Γ′++B::Γ″ C -> sc Γ++(A ∧ B)::Γ′++Γ″ C
Membership encoding:
(A ∧ B) ∈ Γ -> sc A::B::Γ C -> sc Γ C
Inlined permutations
Γ′ ≡𝑃 (𝐴∧𝐵) ∶∶ Γ -> Γ″ ≡𝑃 𝐴 ∶∶ 𝐵 ∶∶ Γ -> sc Γ″ C -> sc Γ′𝐶
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Representing derivations
𝐴, 𝐵, Γ ⇒ 𝐶

𝐴 ∧ 𝐵, Γ ⇒ 𝐶

Explicit permutation rule:
sc A::B::Γ C -> sc (A ∧ B)::Γ C
sc Γ A -> Γ ≡𝑃 Γ′ -> sc Γ′ A
Used in: Hara, 2013
Structural encoding:
sc Γ++A::Γ′++B::Γ″ C -> sc Γ++(A ∧ B)::Γ′++Γ″ C
Used in: Penington, 2018; Doorn, 2015; Park, 2013
Membership encoding:
(A ∧ B) ∈ Γ -> sc A::B::Γ C -> sc Γ C
Used in: Dang, 2015; Smolka and Brown, 2012
Inlined permutations
Γ′ ≡𝑃 (𝐴∧𝐵) ∶∶ Γ -> Γ″ ≡𝑃 𝐴 ∶∶ 𝐵 ∶∶ Γ -> sc Γ″ C -> sc Γ′𝐶
Used in: Michaelis and Nipkow, 2017; Chaudhuri et al., 2017; Tews, 2013
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Representing derivations

Choosing the correct representation is a trade-off (e.g. more high
level is less suited for constructing concrete derivations)

Need both ⇒ and ℎ⇒ (e.g. for contraction), height bounded encoding
similar to Michaelis and Nipkow, 2017
KI-Rule

Γ, K Δ, Δ ⇒ 𝐴
Γ, K Δ ⇒ K 𝐴

cannot be expressed with structural encoding
Final pick for cut-elimination: inlined permutations
Permutations are manageable2

2https://github.com/foreverbell/permutation-solver
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Cut-elimination proof (Krupski and Yatmanov, 2016)

Theorem (Cut is admissible)

Γ1 ⇒ 𝐴 𝐴, Γ2 ⇒ 𝐵
Γ1, Γ2 ⇒ 𝐵

Proof.
Strong Induction on pairs (𝑠, 𝑟) of cut-rank 𝑟 and formula size 𝑠.
Inversion on left derivation, in some cases another inversion on right
derivation. Most cases use depth preserving inversion, weakening.
(Structure similar to Plato, 2001 )

Different from Troelstra and Schwichtenberg, 2000 Principal vs.
non-principal derivations
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Cut-elimination proof (Krupski and Yatmanov, 2016)
Theorem (Cut is admissible)

Γ1
ℎ1⇒ 𝐴 𝐴, Γ2

ℎ2⇒ 𝐵
Γ1, Γ2 ⇒ 𝐵

Proof.
Strong Induction on pairs (𝑠, 𝑟) of cut-rank 𝑟≔ (ℎ1 + ℎ2) and formula
size 𝑠.
Inversion on left derivation, in some cases another inversion on right
derivation. Most cases use depth preserving inversion, weakening.
(Structure similar to Plato, 2001 )

Corollary (Equivalence of natural deduction and sequent calculus)
Γ ⇒ 𝐴 ⟺ Γ ⊢ 𝐴
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Proof search  (Dang, 2015)

Want: ∀ Γ 𝐴. (Γ ⇒ 𝐴) + (Γ ⇏ 𝐴)
Consider subformulas of Γ, 𝐴 ( =: subformula universe 𝒰)
Idea: Compute

{(Γ1, 𝐴′) ∣Γ1 ⇒ 𝐴′, Γ1 ⊆ 𝒰, 𝐴′ ∈ 𝒰}

by using a fixed point iteration
Obtain decider as a membership test
Step function deciding to add a sequent

𝑠 ∶ ℒ(G) → G → 𝔹

if one of the rules is applicable
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Preparing for proof search

Implementation of the step function depends on the formalization of
sequent-calculus, in particular

Γ, K Δ, Δ ⇒ 𝐴
Γ, K Δ ⇒ K 𝐴

is complicated to check
Can find better encoding for IEL, using modified KI-rule:

Γ, 𝐾−(Γ) ⇒ 𝑠
Γ ⇒ K 𝑠

where K−(Γ) ∶= {𝐴|K 𝐴 ∈ Γ}
With this formulation of KI-rule (present in Krupski et al., 2016),
membership-based representation for IEL can be used for proof search
The proof itself is a straightforward adaption of Dang (2015)
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Completeness revisited

Define forcing relation ⊩:

𝑤 ⊨ K 𝑠 ∶⇔ ∀𝑤′.𝑤 ≤K 𝑤′ → 𝑤′ ⊩ 𝑠
𝑤 ⊩ 𝑠 ∨ 𝑡 ∶⇔ 𝑤 ⊩ 𝑠 ∨ 𝑤 ⊩ 𝑡

𝑤 ⊩ 𝑝𝑖 ∶⇔ 𝑉𝑤(𝑖)

Theorem (Quasi-completeness)
𝒯 ⊩′ 𝐴 ⟹ ¬¬𝒯 ⊢ 𝐴

Corollary (Finitary completeness)
Γ ⊩′ 𝐴 ⟹ Γ ⊢ 𝐴
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Completeness revisited
Define forcing relation ⊩′:

𝑤 ⊨′ K 𝑠 ∶⇔ ∀𝑤′.𝑤 ≤K 𝑤′ → 𝑤′ ⊩ 𝑠
𝑤 ⊩′ 𝑠 ∨ 𝑡 ∶⇔ ¬¬(𝑤 ⊩′ 𝑠 ∨ 𝑤 ⊩′ 𝑡)

𝑤 ⊩ 𝑝𝑖 ∶⇔ ¬¬(𝑉𝑤(𝑖))

Changes
A theory 𝒯 is quasi-prime iff.
𝒯 ⊢ 𝐴 ∨ 𝐵 ⟹ ¬¬(𝒯 ⊢ 𝐴 ∨ 𝒯 ⊢ 𝐵)
Lindenbaum lemma: Any set 𝒯 not deriving 𝐴 can be extended to
a consistent quasi-prime theory not deriving A
Use consistent quasi-prime theories as worlds in canonical model
Truth lemma: In the canonical model for any world 𝑤, formula 𝐴

𝑤 ⊩ 𝐴 ⟺ ¬¬(𝐴 ∈ 𝑤)

Theorem (Quasi-completeness)
𝒯 ⊩′ 𝐴 ⟹ ¬¬𝒯 ⊢ 𝐴

Corollary (Finitary completeness)
Γ ⊩′ 𝐴 ⟹ Γ ⊢ 𝐴
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Summary

Flexibility of representations important, two needed
Constructive completeness still open (maybe provable via finite
topological models (Coquand and Smith, 1996; Krupksi, 2016) or
similar to IPC)
Complete development ≈ 3.3 k LoC (1.5 k Cut Elimination, 1.5k ND
+ completeness, 300 decidability)
Results apply to both IEL and IEL−

Results will probably transfer to similar intuitionistic modal logics,
maybe even to classical ones (e.g. Logic K (Ono, 1998; Lellmann and
Ramanayake, 2017) )
2 perspectives: IEL as an interesting logic / IEL as a case-study
Thesis will include philosophical discussion of IEL / co-reflection
principle (cf. Murzi, 2010; Florio and Murzi, 2009)
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IELGM calculus

⊥ ∈ Γ
Γ ⇒ 𝑠

𝑝𝑖 ∈ Γ
Γ ⇒ 𝑝𝑖

𝐴, 𝐵, Γ ⇒ 𝐶
𝐴 ∧ 𝐵, Γ ⇒ 𝐶

Γ ⇒ 𝐹 Γ ⇒ 𝐺
Γ ⇒ 𝐹 ∧ 𝐺 (AR) 𝐹 , Γ ⇒ 𝑈 𝐺, Γ ⇒ 𝑈

(𝐹 ∧ 𝐺), Γ ⇒ 𝑈 (AL)

Γ ⇒ 𝐹𝑖
Γ ⇒ 𝐹1 ∨ 𝐹2

(OR𝑖)
𝑆, Γ ⇒ 𝐹 𝑇 , Γ ⇒ 𝐹

𝑆 ∨ 𝑇 , Γ ⇒ 𝐹 (OL)

𝐹 , Γ ⇒ 𝐺
Γ ⇒ 𝐹1 ⊃ 𝐹2

(IR) 𝑆 ⊃ 𝑇 , Γ ⇒ 𝑆 𝑇 , Γ ⇒ 𝐹
𝑆 ⊃ 𝑇 , Γ ⇒ 𝐹 (IL)

K(Δ), Δ, Γ ⇒ 𝜙
Γ, K(Δ) ⇒ K𝜙 (KI) Γ ⇒ K⊥

Γ ⇒ 𝐹 (KB)
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Calculus for proof search

𝑝𝑖 ∈ Γ
Γ ⇒ 𝑝𝑖

⊥ ∈ Γ
Γ ⇒ 𝑆

𝐹, Γ ⇒ 𝐺
Γ ⇒ 𝐹 ⊃ 𝐺

𝐹 ⊃ 𝐺 ∈ Γ Γ ⇒ 𝐹
Γ ⇒ 𝐺

𝐹 ∧ 𝐺 ∈ Γ 𝐹, 𝐺, Γ ⇒ 𝐻
Γ ⇒ 𝐻

Γ ⇒ 𝐹 Γ ⇒ 𝐺
Γ ⇒ 𝐹 ∧ 𝐺

𝐹 ∨ 𝐺 ∈ Γ 𝐹, Γ ⇒ 𝐻 𝐺, Γ ⇒ 𝐻
Γ ⇒ 𝐻

Γ ⇒ 𝐹𝑖
Γ ⇒ 𝐹1 ∨ 𝐹2

Γ, K−(Γ) ⇒ 𝐹
Γ ⇒ K 𝐹
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How does the permutation solver work?

1 𝐴 ≡𝑃 𝐵 ⟺ ∀𝑎, countOcc(𝐴, 𝑎) = countOcc(𝐵, 𝑎)
2 Use that

countOcc(𝐴 + +𝐵, 𝑎) = countOcc(𝐴, 𝑎) + countOcc(𝐵, 𝑎)

and

countOcc(𝑏 ∶∶ 𝐵, 𝑎) = countOcc([𝑏], 𝑎) + countOcc(𝐵, 𝑎)

repeatedly
3 intro ; lia
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Sample case from cut-elimination

Assume first premiss of cut was derived using right introduction rule for ∧:

Γ1 𝑛−1⇒ 𝐴1 Γ1 𝑛−1⇒ 𝐴2

Γ1
𝑛⇒ 𝐴1 ∧ 𝐴2 𝐴1 ∧ 𝐴2, Γ2

𝑛⇒ Δ

Γ1, Γ2
𝑆(𝑛)
⇒ Δ

Transformed into:

Γ1
𝑛−1⇒ 𝐴1

Γ1
𝑛−1⇒ 𝐴2 𝐴1, 𝐴2, 𝐺, Γ2

𝑛−1⇒ Δ
𝐴1, Γ1, Γ2

𝑛⇒ Δ
Γ1, (Γ1, Γ2) ⇒ Δ
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