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Synthetic Decidability
A problem P : X → P is decidable if there is
f : X → B s.t. ∀x. Px ↔ fx = true.
Q.: Why is this definition okay?

A.: Because Coq is a programming language
and every definable function f : X → B is
computable in a model of computation, provided X is a datatype like N, N × B, or
list (N) × list (option B).
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Synthetic Undecidability
A problem P : X → P is undecidable if
dec P → ⊥
does not work, because you can consistently assume a decider for every P

Axiom halting dec : dec Halt.
where Halt is the halting problem of Turing machines is
1

consistent (because the set model validates it)

2

not provable (because all definable functions are computable)
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Synthetic Turing and many-one reductions
A problem P : X → P is undecidable if
dec P → dec Halt.
Q T P := decP → decQ

Lemma
If Q T P and Q is undecidable, then P is undecidable.
Q  P := ∃f .∀x. Qx ↔ P(fx)

Lemma
If Q  P then Q T P.
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Traditional Models of Computation

A Certifying Extraction with Time Bounds from
Coq to Call-By-Value λ-Calculus
Yannick Forster

Saarland University, Saarland Informatics Campus (SIC), Saarbrücken, Germany
forster@ps.uni-saarland.de

Fabian Kunze

Saarland University, Saarland Informatics Campus (SIC), Saarbrücken, Germany
kunze@ps.uni-saarland.de

Q: How to prove
“There is no Turing machineλ-term computing P”?
A: Show that the many-one reductions
are computable.
Abstract

We provide a plugin extracting Coq functions of simple polymorphic types to the (untyped) call-byvalue λ-calculus L. The plugin is implemented in the MetaCoq framework and entirely written in
Coq. We provide Ltac tactics to automatically verify the extracted terms w.r.t a logical relation
connecting Coq functions with correct extractions and time bounds, essentially performing a certifying
translation and running time validation. We provide three case studies: A universal L-term obtained
as extraction from the Coq definition of a step-indexed self-interpreter for L, a many-reduction from
solvability of Diophantine equations to the halting problem of L, and a polynomial-time simulation
of Turing machines in L.
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Digital Object Identifier 10.4230/LIPIcs.ITP.2019.17
Supplement Material The Coq development is accessible at
https://github.com/uds-psl/certifying-extraction-with-time-bounds.
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Introduction

Coq function f : N → list N
λ-term t with t n . fn.

Every function definable in constructive type theory is computable in a model of computation.
This also enables many proof assistants based on constructive type theory to implement
extraction into a “real” programming language. On the more foundational side, various
realisability models for fragments of constructive type theory increase the trust in this
meta-theorem, because realisers for types are the codes of computable functions.
The computability of all definable functions also enables the study of synthetic computability theory in constructive type theory [7, 4]. For instance, one can define decidability by
dec P := ∃ f, ∀ x, P x ↔ f x = true and no reference to a concrete model of computation is needed. The undecidability of a predicate p can be shown by defining a many-one
reduction from the halting problem of Turing machines to p in Coq, again without referring
to a concrete model. The computability of all definable functions can, however, not be proved
inside the type theory itself, similar to other true statements like parametricity. At the same
time, for every concrete defined function of the type theory, one can always prove computability as theorem in the type theory. Given for instance any concrete function f : N → N
definable in constructive type theory, one can construct a term of the λ-calculus tf s.t. for
all n : N, there is a proof in the type theory that tf n reduces to f n (where · is a suitable
encoding of natural numbers). The construction of tf from f is relatively simple, since it is
syntax-directed and the terms of type theory are just (possibly type-decorated) terms of an
expressive untyped λ-calculus. Another way to see this construction is as extraction from
the type theory into the λ-calculus.

as a Coq plugin based on MetaCoq

© Yannick Forster and Fabian Kunze;
licensed under Creative Commons License CC-BY
10th International Conference on Interactive Theorem Proving (ITP 2019).
Editors: John Harrison, John O’Leary, and Andrew Tolmach; Article No. 17; pp. 17:1–17:19
Leibniz International Proceedings in Informatics
Schloss Dagstuhl – Leibniz-Zentrum für Informatik, Dagstuhl Publishing, Germany

⇒ Many-one reductions can be automatically translated to
a “real” model of computation
yielding a proof of ∃6 t : term. t computes P
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Vision

Undecidability proofs should be
mechanisable
We need a library of potential starting
points for proofs by reduction
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Advanced problems
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Seed 1: PCP

Verification of PCP-Related
Computational Reductions in Coq
Yannick Forster(B) , Edith Heiter, and Gert Smolka
Saarland University, Saarbrücken, Germany
{forster,heiter,smolka}@ps.uni-saarland.de
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Abstract. We formally verify several computational reductions concerning the Post correspondence problem (PCP) using the proof assistant
Coq. Our verification includes a reduction of the halting problem for Turing machines to string rewriting, a reduction of string rewriting to PCP,
and reductions of PCP to the intersection problem and the palindrome
problem for context-free grammars.

IT

Base type: list (list B × list B)
Definition: PCP(L) := ∃x : list B. L . (x, x)
(u, v ) ∈ L
L . (u, v )

Keywords: Post correspondence problem · String rewriting
Context-free grammars · Computational reductions · Undecidability
Coq
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Introduction

A problem P can be shown undecidable by giving an undecidable problem Q and
a computable function reducing Q to P . There are well known reductions of the
halting problem for Turing machines (TM) to the Post correspondence problem
(PCP), and of PCP to the intersection problem for context-free grammars (CFI).
We study these reductions in the formal setting of Coq’s type theory [16] with
the goal of providing elegant correctness proofs.
Given that the reduction of TM to PCP appears in textbooks [3,9,15] and in
the standard curriculum for theoretical computer science, one would expect that
rigorous correctness proofs can be found in the literature. To our surprise, this
is not the case. Missing is the formulation of the inductive invariants enabling
the necessary inductive proofs to go through. Speaking with the analogue of
imperative programs, the correctness arguments in the literature argue about the
correctness of programs with loops without stating and verifying loop invariants.
By inductive invariants we mean statements that are shown inductively and
that generalise the obvious correctness statements one starts with. Every substantial formal correctness proof will involve the construction of suitable inductive invariants. Often it takes ingenuity to generalise a given correctness claim
to one or several inductive invariants that can be shown inductively.
It took some eﬀort to come up with the missing inductive invariants for the
reductions leading from TM to PCP. Once we had the inductive invariants, we had
rigorous and transparent proofs explaining the correctness of the reductions in a
more satisfactory way than the correctness arguments we found in the literature.

L . (x, y ) (u, v ) ∈ L
L . (x +
+ u, y +
+ v)

Good seed for target problems that can express
string concatenation and simple inductive predicates.

c Springer International Publishing AG, part of Springer Nature 2018

J. Avigad and A. Mahboubi (Eds.): ITP 2018, LNCS 10895, pp. 253–269, 2018.
https://doi.org/10.1007/978-3-319-94821-8_15
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Seed 2: Diophantine constraints

Hilbert’s Tenth Problem in Coq
Dominique Larchey-Wendling

Université de Lorraine, CNRS, LORIA, Vandœuvre-lès-Nancy, France
dominique.larchey-wendling@loria.fr

Yannick Forster

Saarland University, Saarland Informatics Campus, Saarbrücken, Germany
forster@ps.uni-saarland.de

Abstract
We formalise the undecidability of solvability of Diophantine equations, i.e. polynomial equations
over natural numbers, in Coq’s constructive type theory. To do so, we give the first full mechanisation
of the Davis-Putnam-Robinson-Matiyasevich theorem, stating that every recursively enumerable
problem – in our case by a Minsky machine – is Diophantine. We obtain an elegant and comprehensible
proof by using a synthetic approach to computability and by introducing Conway’s FRACTRAN
language as intermediate layer.
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˙ =z
Base type: list C where C ::= x +̇y =z
˙ | x ×y
˙ | x =1.
˙
Definition: H10(C ) := ∃δ : var → N. δ  C where

Supplement Material Coq formalisation of all results: https://uds-psl.github.io/H10,
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1

Introduction

Hilbert’s tenth problem (H10) was posed by David Hilbert in 1900 as part of his famous
23 problems [15] and asked for the “determination of the solvability of a Diophantine
equation.” A Diophantine equation1 is a polynomial equation over natural numbers (or,
equivalently, integers) with constant exponents, e.g. x2 + 3z = yz + 2. When Hilbert asked
for “determination,” he meant, in modern terms, a decision procedure, but computability
theory was yet several decades short of being developed.
The first undecidable problems found by Church, Post and Turing were either native to
mathematical logic or dependent on a fixed model of computation. H10, to the contrary,
can be stated to every mathematician and its formulation is independent from a model of
computation. Emil Post stated in 1944 that H10 “begs for an unsolvability proof” [26]. From
a computational perspective, it is clear that H10 is recursively enumerable (or recognisable),
meaning there is an algorithm that halts on a Diophantine equation iff it is solvable.

δ  x +̇y =z
˙ := δx + δy = δz
˙
δ  x ×y =z
˙ := δx · δy = δz
δ  x =n
˙ := δx = 1

1

Named after the Greek mathematician Diophantus of Alexandria, who started the study of polynomial
equations in the third century.

δ  C := ∀c ∈ C . δ  c

© Dominique Larchey-Wendling and Yannick Forster;
licensed under Creative Commons License CC-BY
4th International Conference on Formal Structures for Computation and Deduction (FSCD 2019).
Editor: Herman Geuvers; Article No. 27; pp. 27:1–27:20
Leibniz International Proceedings in Informatics
Schloss Dagstuhl – Leibniz-Zentrum für Informatik, Dagstuhl Publishing, Germany

Good seed for target problems that can express
addition and multiplication.
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Seed 3: FRACTRAN

Hilbert’s Tenth Problem in Coq
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dominique.larchey-wendling@loria.fr

Yannick Forster

Saarland University, Saarland Informatics Campus, Saarbrücken, Germany
forster@ps.uni-saarland.de

Abstract
We formalise the undecidability of solvability of Diophantine equations, i.e. polynomial equations
over natural numbers, in Coq’s constructive type theory. To do so, we give the first full mechanisation
of the Davis-Putnam-Robinson-Matiyasevich theorem, stating that every recursively enumerable
problem – in our case by a Minsky machine – is Diophantine. We obtain an elegant and comprehensible
proof by using a synthetic approach to computability and by introducing Conway’s FRACTRAN
language as intermediate layer.
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q·y =p·x
(p, q) :: P ` x  y

Introduction

q 6 |p · x P ` x  y
(p, q) :: P ` x  y

Hilbert’s tenth problem (H10) was posed by David Hilbert in 1900 as part of his famous
23 problems [15] and asked for the “determination of the solvability of a Diophantine
equation.” A Diophantine equation1 is a polynomial equation over natural numbers (or,
equivalently, integers) with constant exponents, e.g. x2 + 3z = yz + 2. When Hilbert asked
for “determination,” he meant, in modern terms, a decision procedure, but computability
theory was yet several decades short of being developed.
The first undecidable problems found by Church, Post and Turing were either native to
mathematical logic or dependent on a fixed model of computation. H10, to the contrary,
can be stated to every mathematician and its formulation is independent from a model of
computation. Emil Post stated in 1944 that H10 “begs for an unsolvability proof” [26]. From
a computational perspective, it is clear that H10 is recursively enumerable (or recognisable),
meaning there is an algorithm that halts on a Diophantine equation iff it is solvable.

1

Named after the Greek mathematician Diophantus of Alexandria, who started the study of polynomial
equations in the third century.

© Dominique Larchey-Wendling and Yannick Forster;
licensed under Creative Commons License CC-BY
4th International Conference on Formal Structures for Computation and Deduction (FSCD 2019).
Editor: Herman Geuvers; Article No. 27; pp. 27:1–27:20
Leibniz International Proceedings in Informatics
Schloss Dagstuhl – Leibniz-Zentrum für Informatik, Dagstuhl Publishing, Germany

Good seed for target problems that can express
multiplication and reflexive transitive closure.

A Coq Library of Undecidable Problems

CoqPL 2020 – January 25

15

λ
µ-rec

TM
FOL
CFG
SR

H10
Sys. F

HOU
PCP

FRACTRAN
ILL
bin. stack machines

register machines

A Coq Library of Undecidable Problems

CoqPL 2020 – January 25

16

Target problems
λ
µ-rec

TM
FOL
CFG
SR

H10
Sys. F

HOU
PCP

FRACTRAN
ILL
bin. stack machines

register machines

A Coq Library of Undecidable Problems

CoqPL 2020 – January 25

17

First-order logic

On Synthetic Undecidability in Coq,
with an Application to the Entscheidungsproblem
Yannick Forster

Saarland University
Saarbrücken, Germany
forster@ps.uni-saarland.de

Dominik Kirst

Saarland University
Saarbrücken, Germany
kirst@ps.uni-saarland.de

Abstract

We formalise the computational undecidability of validity,
satisfiability, and provability of first-order formulas following a synthetic approach based on the computation native
to Coq’s constructive type theory. Concretely, we consider
Tarski and Kripke semantics as well as classical and intuitionistic natural deduction systems and provide compact
many-one reductions from the Post correspondence problem (PCP). Moreover, developing a basic framework for synthetic computability theory in Coq, we formalise standard
results concerning decidability, enumerability, and reducibility without reference to a concrete model of computation.
For instance, we prove the equivalence of Post’s theorem
with Markov’s principle and provide a convenient technique
for establishing the enumerability of inductive predicates
such as the considered proof systems and PCP.
CCS Concepts • Theory of computation → Logic;
Keywords synthetic undecidability, Entscheidungsproblem,
Coq, Post’s theorem, Markov’s principle, first-order logic
ACM Reference Format:
Yannick Forster, Dominik Kirst, and Gert Smolka. 2019. On Synthetic Undecidability in Coq, with an Application to the Entscheidungsproblem. In Proceedings of the 8th ACM SIGPLAN International
Conference on Certified Programs and Proofs (CPP ’19), January 14–
15, 2019, Cascais, Portugal. ACM, New York, NY, USA, 14 pages.
https://doi.org/10.1145/3293880.3294091

Gert Smolka

Saarland University
Saarbrücken, Germany
smolka@ps.uni-saarland.de

like decidability, enumerability, and reductions are available without reference to a concrete model of computation
such as Turing machines, general recursive functions, or
the λ-calculus. For instance, representing a given decision
problem by a predicate p on a type X , a function f : X → B
with ∀x . p x ↔ f x = tt is a decision procedure, a function
д : N → X with ∀x . p x ↔ (∃n. д n = x) is an enumeration, and a function h : X → Y with ∀x . p x ↔ q (h x)
for a predicate q on a type Y is a many-one reduction from
p to q. Working formally with concrete models instead is
cumbersome, given that every defined procedure needs to
be shown representable by a concrete entity of the model.
To avoid this tedium, many presentations resort to informal
arguments regarding the algorithmic properties at the core
of their constructions.
Enabling the outlined synthetic approach to computability
as explored by Richman [36] and Bauer [2, 3], constructive
type thoery is well-suited for formalising positive statements
about decision problems. Turning to negative statements like
undecidability and non-enumerability, however, the situation
becomes more intricate. Typical formulations of constructive type theory such as Martin-Löf type theory (MLTT) or
Coq’s underlying calculus of inductive constructions (CIC)
are consistent with the assumption that every predicate is decidable, so proving a concrete decision problem undecidable
is not outright possible. A potential way out would be to roll
back to a concrete model and establish negative results w.r.t.
the modelled computation – again producing unwelcome
technical overhead. The preferable solution, employed in
this work, is to verify a synthetic reduction from a problem
informally known to be undecidable – establishing negative
results relative to the chosen base in a transparent way.
The base we choose is the Post correspondence problem
(PCP), an easy to formulate combinatorial problem concerning matching sequences of strings. Proven undecidable by
Post in 1946 [34], PCP became a powerful tool in computability theory, often admitting elegant reductions. In previous
work [12], we formalised a reduction from the halting problem of Turing machines to PCP in Coq, hence providing
reliable evidence that the assumption that PCP is undecidable in the synthetic sense can be safely added to constructive
type theory. Concretely, (locally) assuming that PCP is not
co-enumerable implies that every problem it reduces to is
not co-enumerable and hence undecidable.

19

P
CP

To reduce a problem to first-order provability, show that its definition is
expressible as a first-order formula.
1 Introduction

Every function definable in constructive type theory is computable. Thus, standard notions from computability theory

P(x) ↔ Γ ` ϕx

Permission to make digital or hard copies of all or part of this work for
personal or classroom use is granted without fee provided that copies
are not made or distributed for profit or commercial advantage and that
copies bear this notice and the full citation on the first page. Copyrights
for components of this work owned by others than the author(s) must
be honored. Abstracting with credit is permitted. To copy otherwise, or
republish, to post on servers or to redistribute to lists, requires prior specific
permission and/or a fee. Request permissions from permissions@acm.org.
CPP ’19, January 14–15, 2019, Cascais, Portugal
© 2019 Copyright held by the owner/author(s). Publication rights licensed
to ACM.
ACM ISBN 978-1-4503-6222-1/19/01. . . $15.00
https://doi.org/10.1145/3293880.3294091

Usual proof strategy:
→ By induction on the definition of P.

← By defining the standard model for P and soundness.
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The cbv λ-calculus L

Weak Call-by-Value Lambda Calculus
as a Model of Computation in Coq
Yannick Forster and Gert Smolka
Saarland University

Definition

Saarland University, Saarbrücken, Germany
{forster,smolka}@ps.uni-saarland.de

A problem P : X → P is L-enumerable if
there is an L-computable function
f : N → option X s.t. Px ↔ ∃n. fn = bxc.

Theorem

7

P1

Abstract. We formalise a weak call-by-value λ-calculus we call L in the
constructive type theory of Coq and study it as a minimal functional
programming language and as a model of computation. We show key
results including (1) semantic properties of procedures are undecidable,
(2) the class of total procedures is not recognisable, (3) a class is decidable
if it is recognisable, corecognisable, and logically decidable, and (4) a
class is recognisable if and only if it is enumerable. Most of the results
require a step-indexed self-interpreter. All results are verified formally
and constructively, which is the challenge of the project. The verification
techniques we use for procedures will apply to call-by-value functional
programming languages formalised in Coq in general.

IT

1

Introduction

We study a minimal functional programming language L realising a subsystem of
the λ-calculus [3] known as weak call-by-value λ-calculus [8]. As in most programming languages, β-reduction in weak call-by-value λ-calculus is only applicable if
the redex is not below an abstraction and if the argument is an abstraction. Our
goal is to formally and constructively prove the basic results from computability
theory [9,11] for L. The project involves the formal verification of self-interpreters
and other procedures computing with encodings of procedures. The verification
techniques we use will apply to call-by-value functional programming languages
formalised in Coq in general. We base our work on the constructive type theory
of Coq [15] and provide a development verifying all results.
The results from computability theory we prove for L include (1) semantic properties of procedures are undecidable (Rice’s theorem), (2) the class of
total procedures is not recognisable, (3) a class is decidable if it is recognisable, corecognisable, and logically decidable (Post’s theorem), and (4) a class is
recognisable if and only if it is enumerable.
We prove that procedural decidability in L implies functional decidability in
Coq. The converse direction cannot be shown in Coq since Coq is consistent
with the assumption that every class is functionally decidable and procedurally
undecidable classes always exist. The same will be true for any Turing-complete
model of computation formalised in Coq.

A problem P : X → P reduces to the L-halting problem if it is
L-enumerable and its base type has an equality decider in L.
Strategy to reduce P to L-halting:
1
2

Give enumerating function f : N → option X (purely in Coq)
Give equality decider X → X → B (purely in Coq)

3

Give encoding for X in L (mostly automatic)

4

Use extraction to L from ITP ’19 (fully automatic)
A Coq Library of Undecidable Problems
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Advanced problems
Verified Programming of Turing Machines in Coq
Yannick Forster

Saarland University
Saarbrücken, Germany
forster@ps.uni-saarland.de

Fabian Kunze

Saarland University
Saarbrücken, Germany
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Saarland University
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Abstract

not clear at all how to compose a two-tape Turing machine
with a three-tape Turing machine that works on a different
We present a framework for the verified programming of
alphabet. Therefore, it is common to rely on pseudo code or
multi-tape Turing machines in Coq. Improving on prior work
prose describing the intended behaviour. The exact impleby Asperti and Ricciotti in Matita, we implement multiple
mentation as well as its correctness or resource analysis is
layers of abstraction. The highest layer allows a user to imleft as an exercise to the reader. In a mechanised proof, those
plement nontrivial algorithms as Turing machines and verify
details cannot be left out. Luckily, it is possible to hide those
their correctness, as well as time and space complexity comdetails behind suitable abstractions.
positionally. The user can do so without ever mentioning
We present a framework that aims to have the cake and
states, symbols on tapes or transition functions: They write
eat it too when it comes to mechanising computation in
programs in an imperative language with registers containterms of Turing machines: Algorithms are stated in the style
ing values of encodable data types, and our framework conof a register based while-language; a corresponding Turing
structs corresponding Turing machines.
machine is automatically constructed behind the scene. Our
As case studies, we verify a translation from multi-tape to
framework furthermore characterises the semantics by desingle-tape machines as well as a universal Turing machine,
riving two relations for each machine, one witnessing partial
both with polynomial time overhead and constant factor
correctness, which can subsume a space-consumption anaspace overhead.
lysis, and one witnessing termination, which can subsume
a running time analysis. These relations are similar to re1 Introduction
lations a Hoare-like logic would derive for the algorithm,
Turing machines are, at least on paper, the foundation of
especially in that they follow the internal structure of the
modern computability and complexity theory, in part due
program. The only task left for the user is to simplify those
to the conceptual simplicity of their definition. However,
synthesised relations into a more high-level, hand-written
this simplicity leads to a lack of structure, which is also one
description of the semantics.
of their biggest disadvantages: When it comes to detailed
Our imperative abstractions for Turing machines are shalor formal reasoning, Turing machines soon become very
lowly embedded into Coq’s type theory: Primitive operations
hard to treat. This is maybe best reflected by the fact that
are predefined Turing machines performing primitive tasks.
while many basic areas of computer science, like logic, gramControl-flow operators like If or While are Coq-functions
Simon Spies
Yannick Forster
mars, automata, or programming
languages theory have
constructing new Turing machines from existing ones.
Saarland
University
Saarland University
been formalised in proof
assistants,
formalisations of even
To make reasoning and programming of Turing machines
Informatics Campus,
Saarbrücken,
Germany
Saarland Informatics Campus, Saarbrücken, Germany
basicSaarland
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Abstract
Provability in the intuitionistic second-order propositional logic (resp. inhabitation in the polymorphic
lambda-calculus) was shown by Löb to be undecidable in 1976. Since the original proof is heavily
condensed, Arts in collaboration with Dekkers provided a fully unfolded argument in 1992 spanning
approximately fifty pages. Later in 1997, Urzyczyn developed a different, syntax oriented proof.
Each of the above approaches embeds (an undecidable fragment of) first-order predicate logic into
second-order propositional logic.
In this work, we develop a simpler undecidability proof by reduction from solvability of Diophantine equations (is there an integer solution to P (x1 , . . . , xn ) = 0 where P is a polynomial with integer
coefficients?). Compared to the previous approaches, the given reduction is more accessible for
formalization and more comprehensible for didactic purposes. Additionally, we formalize soundness
and completeness of the reduction in the Coq proof assistant under the banner of “type theory inside
type theory”.
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Development Issues

In total: 75.000 LOC
Development on Github, Travis CI helps a lot
Still figuring out best practices to target multiple Coq versions
1
2
3

different branches?
configure.sh files?
only target most up-to-date Coq version?

Some parts of the library depend on Equations or MetaCoq. Should
the whole library depend now? What about Windows users?
Different used standard libraries lead to incompatibility
Different trust in axioms
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Future Work
Include more problems
Typability in λΠ or type inference in System Fω
Intersection problem of two-way automata
Wang tiling problems, Post’s tag systems
Subtyping in F6 , typability and type checking in System F
ZF entailment, Trakhtenbrot’s theorem
Semi unification
Work out foundations:
What is a realizability model for Coq?
Which axioms are compatible? Func. ext.? Prop. ext.? PI? EM?
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