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:

HOW TO INCORPORATE EFFECTS?

» global store (i.e. references),
» exceptions,

» 1/0,

» random,

» nondeterminism,

> Or concurrency
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AN EXAMPLE

exception Error

val r = ref 0
fun error () = raise Error
fun test () = (r := 5; error() handle Error => !r)

test () evaluates to?
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AN EXAMPLE

exception Error

val r = ref 0
fun error () = raise Error
fun test () = (r := 5; error() handle Error => !r)

test () evaluates to?

Why not to 0?
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WOULD BE COOL:

User definable effects on top of a functional language
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:

WOULD BE COOL:

User definable effects on top of a functional language

» Monads
» Algebraic effects
» Delimited control
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GOAL

Compare two existing approaches in their expressiveness
Fine-grained notion needed, because most practical languages
are Turing-complete

a1
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GOAL

Compare two existing approaches in their expressiveness
Fine-grained notion needed, because most practical languages
are Turing-complete

More like

“Compare expressiveness of recursion and while-loops”
than like

“Compare expressiveness of Coq and Javascript”

a1
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:

APPROACH

v

take a base language (functional, typed, strongly
normalising)

» add each concept to the language

v

define denotational semantics to each resulting calculus

» prove denotational semantics to be adequate

v

use this to compare expressiveness
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TAKE A BASE LANGUAGE

Call-by-push-value lambda-calculus from Levy

Distinguishes between values and computations

Levy (1999), Levy (2004)
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:

TAKE A BASE LANGUAGE

(values) V,W z=x| ()| (V1,V2) linj, V [{M}
(computations)
M, N == split(V, x;.x,.M) | casey(V)
| case(V,x1.M1,x2.M,) | V!
| return V|letx + M in N
| Ax.M|MV
[ (Mi,My) | prj; M

Figure 2.1: cBpv syntax

Distinguishes between values and computations

Levy (1999), Levy (2004)
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:

TAKE A BASE LANGUAGE

(values) V,W z=x| ()| (V1,V2) linj, V [{M}
(computations)
M, N == split(V, x;.x,.M) | casey(V)
| case(V,x1.M1,x2.M,) | V!
| return V|letx + M in N
| Ax.M|MV
[ (Mi,My) | prj; M

Levy (1999), Levy (2004)
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Levy (1999), Levy (2004) Figure 2.3: cerv ype system
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TAKE A BASE LANGUAGE
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ADD EACH CONCEPT

» Effects and handler calculus A
» Monadic reflection calculus Amon

Kammar, Lindley, and Oury (2013), Filinski (2010)
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EFFECT HANDLERS

Exception handlers:

(... (raise e n : B) )  C
handle e (n : A) => (exp : C)
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:

EFFECT HANDLERS

Exception handlers:

(... (raise en : B) ...) : C
handle e (n : A) => (exp : C)

Effect handlers:

(.. (¢6n :B) ...) : A
handle e (name : string, k : B -> A) =>
(exp2 : A)
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Value kinding
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PROGRAMMING WITH EFFECT HANDLERS

raise :string — FA
try : Ufexcstring—0)FA — Ug(string — FA) — FA

11
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PROGRAMMING WITH EFFECT HANDLERS

raise :string — FA
try : Ufexcstring—0)FA — Ug(string — FA) — FA

try{l + raise "number"}{)s.if s = "number" then O else 1}

11
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PROGRAMMING WITH EFFECT HANDLERS

raise :string — FA
try : Ufexcstring—0)FA — Ug(string — FA) — FA

try{l + raise "number"}{)s.if s = "number" then O else 1}

—*0

11



Introduction Approach Expressiveness
0000 0000008000000 Q0000

Conclusion
000

PROGRAMMING WITH EFFECT HANDLERS

raise = As.let x < exc s (Ax.return x) in caseo(x)

try := Ac h.handle ¢! with H

where H™W™M .= )y return x and H®*¢ := A\s k.h!s.
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MONADIC REFLECTION

Errormonad: TA =A+1
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MONADIC REFLECTION

Error monad: TA == A +1
Reflecion for computations with errors:

M:155A N:A+1
reifye,(M): A+1 reflecter(N): 155 A

Effects are ordered with the trivial effect L.

13



Introduction Approach
0000 0000000080000

Expressiveness
00000

Conclusion
000

THE CALCULUS Amon

W alues) V \
(computa’:/?z

<\ C

)\ Va aVZ)

mkV XX

\ .ﬁ\‘iv \ U\A}

caseo \V\
T\/\z\

14



Introduction Approach
0000 0000000080000

Expressiveness
00000

Conclusion
000

THE CALCULUS Amon

\'m}i\/\{N\\
(VXX \case\osi\
nlit(Vs . M1 le.Mz\ N

14



Introducti

iction

0000 A

pproach
0O
00000080000 Expressiveness
00000 h @
onclusion

000

THE CALCULUS Amo
Effect hierarchy kinding

0, x i C: Compe eg L o, L :Eff
Oy - Eff @ryLeme~ (zx.C,N..,Nh):Eff

Value kinding I AT Val|for @ Fi It Eff

8\£FKA\:V31 @\T_Fk/\\:Val
@\ik—kA‘x)\I:Val @\ZFkO:Val

.

G\ZFkI:Val

ellkkA‘:Val GI)ZHA‘:Val GlZer:E({ Oy C:Compe
@lZFkA\+A1:Va1 @\ikkUcC:Val

ae®
@\)Zh(zx:Val

Effect kinding for © i £ : Eff

-
T L Eff

Computation Kkinding |© | T C: Comp, |for© o £ Eff andZhke: Eff

@1£hJ\1Val O£y C:Compe
@\ZkkAaC:Compc

eel
T by e Eff

.
BT FA: Comp,

Oy Ca: Compe

el C - Comp,
[E1pAaY C1&C, : Compe

.
|z T:Compe

Context kinding Ll Cixt for © i £ Eff

for all x € Dom r: el r(x): Val
@\Zh[‘:Ckxt

“calculus kind system

Figure 4.3 Ao’

14



Introduction
0000

Approach
0000000000 Vy0 10 - 00000
1] ——
Yping OITs VA fOr@hZ-Eff orr
T kr:Ctxtand@(zk
. kA Val

Expressiveness

Conclusion

(x:A)ep
THE CALCULUS Aman | 0704 oo
OITks VA,

Effect h ierarch

. for © i L+ Eff
Effect kinding

@‘MFKC:ComPe
O Lere

y kinding
Computat,

O Eff

Tr. L Eff

I
l,—_,,kFA:ComPe

PSS Ci:¢
— ol

o
|z T:Compe

: Cxt |fc
Context kinding

rNn:el
for all x € Dom (
@\ZHF:Ckxt

_calculu

Figure 4.3 Awon

Cixt, and @ |z

L

s kind system

QIFF“'"I}V-'A.+AZ

ion typin, g
P.

Figure4.4: ), -

@}N—z.eM:FA @fﬂx:Akz N,
Ollkse M:A ¢ Oirk ey
Ww
Computation Kkinding |© | T x OIrk; . N:Fa (e~ aCe < )
GIXW

~calculus type system

@H‘F;v,:A‘ OIrtsv,p
O vy A e
OITkseM: ¢

OITFeo M-
HC:cof”’BWZ:EffanevEff olrt
 Eff, T

or.:
5 Eff
indin Oz A:Val for © i BIFFEV-'A;XAZ e
Value kinding ol orr IF’X'-'AV,Xz:AzFX M:c
oLk Ai:Val a oI FesplitV, v e e OIrksv:o
oA X A2 VA orr
m QLA o = 1+ A, @Ir,x,:A,F“MI:C ol IT b e case, (V). ¢
|t A:Val oz AVal =0 OIT s, case(V,x, 3, QM) C TS
: VXM
O i A+ A2 VAl gr’”ﬂ/:u,c olrs
«xe® Mg o VI VA
QL] meie OITFr ¢ return v Fx
BIF,X:AFZEM.C

OITF M AS e

o
OIT kg (T
@(rkz.eM:C,&cl
OIT s e pri M- ¢,

Ol ks A5 (N): FA

O, 00 [0k ,\?"T‘L,’”Ffve Nu o1 5 Clay /i
il br- e(Cla /o)) — Ue (e~ Clagy /)
SITF (B (@O NNy oo e M D Clo2/ad]
¢ leteffect ¢ ebe | No) i AL
wNp)in M : p




Conclusion
000

Ut putation frames) @
(hoisting contexts)  1¢

etx — [Jin N | 1V prj (1) {¢
(1] leteffect ¢ >ebe (a.C, Nu, Ny} in | e

Introduction
0000

Ctxt,and @ [ZF A var

(Bx) br split( (A, V0), s M) s MIVi /31, Vs /1] O1lts Vs,
THE CALCUL Bt) br easeling, V, 6. My, 2. My) s M, V) V) A X A,
(B Fr (MH s
. Cinding B hrlety o retum Vin M — mva
Effect hierarchy (B~s) Fr QM) Vs MV
B.&) Fr prj (Mi, M) —s M,
e [ '
0 Bff {frane) MM

P CIM] — @M

@Ik«

OIrFsv:o

ndin o
Value kinding {reify) (e=(NoNo) ez OIT Fr.. casey(v) ¢

Fr bretrn VI© s N, v

(XA, FeeM,:C
———71.val . — 2 zeM:C
©lTh.1:Val {refieet) (2~ (@0 N Nu )Y € 2 ¢ ¢ sy

615 Ar:Val € = BRINIT — Ny, INH{Aw. Dilretm, X%} A

\

SITr AT ViER

o) H = leteffect ¢ - ¢ be (., NayNo)in[ ;o ol Nu e M =5 M
2 HIM| ~— JqM ]
(leteff-return) e letffedi e ——
Pz leteffect ¢ - ¢ e (@.C,Ny Ny ) inreturn v —, return V.

Y:iAbreM:C
LeMM:A S C

. I
Effect kinding E

—_
Mhee (0T
2= leteffect ¢ - ebe (wC, N, Ny ) in [ |

leteff-lamtbda
(feteg ) Fx HN] — AxIN]
. i = leteffect ¢ - ebe (., N, My in (|
ion kind Tete fFpai | (e~ac,
Computation {leteff-puir) N B A o gg en
HE(N): FA
7] leteff-unit Thr )
ol llekfunity P teteffect ¢ - e be (o0, Ny Ny i)

1) = Cloy /g

|

where 1:D

effects([]] = ¢
effects(leteffect ¢ ~ebe fa.C, Nu, Ny i 3) — effects[H)

effects( [3)¢) — {e} Ueffects(3()

effects(€]3]) = effects(3() (for @ # 1)

: Aman-caleulus operatiomal oo



Introduction Approach Expressiveness
0000 000000000 e000 Q0000

Conclusion
000

PROGRAMMING WITH MONADIC REFLECTION

C® = o + string

N = \x.return inj, x

Ny = \xf.lety < xin case(y, x.fx,s.return (inj,s)))
ex > L ~ (a.C™, N5, NpX)

raise := \s.1%(return (inj,s))

try := Ach.lets < [c]® in case(s,a.return a, x.hx)
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DENOTATIONAL SEMANTICS

» Denotational semantics for CBPV by Levy

» Denotational semantics for Ao by Kammar et al.

» Denotational semantics for Aypon contributed
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ADEQUACY AND SOUNDNESS

Theorem 2.18 (adequacy). Denotational equivalence implies contextural equivalence.
Explicitly: Given a monad satisfying the mono requirement, then for all T + P,Q : X, if

[P1=1[Q] then P ~ Q.
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ADEQUACY AND SOUNDNESS

Theorem 2.18 (adequacy). Denotational equivalence implies contextural equivalence.

Explicitly: Given a monad satisfying the mono requirement, then for all T + P,Q : X, if
[Pl =1[Q] then P ~ Q.

Corollary 2.19 (soundness). All well-typed closed ground returners reduce to a normal
form. Explicitly: for all = M : FG there exists some &V : G such that:

M —* return V
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ADEQUACY PROOEFES

Using logical relations
» By Levy for CBPV
» Contributed for A\ (Hermida’s lifting)
» Contributed for Amon (T T-lifting)

Levy (2004), Hermida (1993), Lindley, Stark (2005), Doczkal,
Schwinghammer (2009)
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TYPED MACRO EXPRESSABILITY

One concept can express another if there is a local translation
function _ that:

» is homomorphic on the base calculus,

» replaces new syntactic constructs without rearranging the
whole program,

» translates terms ) - M : FG such that M —* return V<=
M *return V,

» translates terms ) - M : X to terms ) - M : X.

Felleisen (1990)
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Meff CAN MACRO EXPRESS Amon

ME = op® {Np} (Ax.return x)
IN]°, = handle N with H.
for (¢ ~ (Nu,N;)) € Eand
HE = {return V= NuV, opp f = Np, pf}
u {opslpf — opslpf‘a £ e E}
leteffect € - ebe (a.C,Ny,N}) inN_ = NE e (NuNy)
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FOCUS IN THIS THESIS

Produce negative results: Prove that no translation exists with
the help of denotational semantics
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Amon CAN NOT TYPED MACRO EXPRESS \eff

v

There are only finitely many terms for every type in Amon

v

Some types in Aq¢r have countably many observationally
distinguishable terms

» Given a translation A¢ff — Amon, take the type F1
F1 has k terms
F1 has more than k observationally distinguishable terms

v

v

» Derive a contradiction
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THE BIG PICTURE
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CONTRIBUTION

» Adequacy proof for the set theoretic model for calculus of
effect handlers ¢

» Adequate denotational semantics for calculus of monadic
reflection A\mon

» Definition of (typed) macro expressability
» Proof that Amon is macro expressible in Aqf

» Proof that A\ is not macro typed expressible in Amen

24
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FUTURE WORK

» Show that A\yon is not typed macro expressible in Aqf;
» extend the type system of ¢ to typed macro express Amon;

» do similar comparison for calculus of delimited control
(partially solved).

25
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FUTURE WORK

v

Show that Amon is not typed macro expressible in Agf;

v

extend the type system of A to typed macro express Amon;

v

do similar comparison for calculus of delimited control
(partially solved).

v

Formalise this in Coq?
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Value rlations X, = [A] = atn]
R = {(n VIV = 0}
Ry e, 1= {(fans 2], VI3V, ViV A (0, W £ RV = (V) Ry =0

Ro..= U {(ha‘v>|3v’ Al V) ER V> inji\/'}

R,.c = {{a,V)IIM: C.{a,M) € R

Computation relations R, . C [[C]| X Aege,c

Ro,a s R:M U{(return a, M})|3V: A.(q,V) € R,,M = return V}
UL M)V (a,V) €R, ,, (f(a), M V) €R, }

e, L UL M)IM = ()}

Ry, = R e, U (e €2) MY [N s oMo Coub o (3, M) i (ex, M)

V= {M}}

where

(op,(Ab.c),N) | IVM.
(a,V)eR,, (op:A—=B)ekE
(Ab.e, M) € R, o

N =~op V (AM)

}

Handler relu!ions‘RAL:,uC C [A*=" (] x handlers(A *=" C) ‘

RyeLwei=|
((Dy, fy), H) |
(op.:A—=B)€E, Dy =([C],[-1(v),
VLAMNG {fy, AM) € R, A,

¥{a,V} € R, (k,Ax.M') € RB = C.
<|[0pi]l (v) (Wxkxs=f) a,Ni[V/p, (Ax.handle M’ with H) /k]>

Figure 3.8: Arcalculus logical relations
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Value relations

Roc (0) C [A](0) X AZoalA |

Ry, (0) = {60 V)V = O}
Rozn,.n, (0) 1= { i@, 020, V)

Vi, Vavi Vi A (a, Vi) € R, (p), Ve (thz)}
Roco(p) =0

Rezn, 0= U {ua V|3V Acta V) € Ro (), V= inj V')
i=1,2
Ry sune (0) = ({0, VYBM : C. (0, M) € R

Rosu (p) = pla)
Computation relations

R: . (0) SIICT(0) = Agy:

Homl 1]
RY: s (p) i={(areturn V)3 (a, V) € R, (p), a = return a'}
R: . ..(p)={({a,return V)[3(a', V) €R,, (p) @ = return a’} U
{{amEM)|(e~ a0) € £, (0, N) € Ry (0}

RY, once (P) 1= L6 AM) I (@, V) € Ry, (0], (Fla), (M.M) V) € Roe (0]
R, (0= 40 0 RYc, e (0) 5= {{lerea) My, Mad) (e M) € Roz ()}
T- and T T-liftings [(R2.__(0))” C ([C](0)l —+ [FG](0)) x XE5(FGIC)]| and
Ry, (o) CI[C](0) x AE<(C)|

(RS (p)T = {(F,20)]00O] 1 010] i, 100 X[ | 2 FGICL¥(a, M) € R, (p) -
IV.X[M] ~ return VA (fa, return V) € R;.“G(p)}
(R:,_E__._C(P))TT = {(t;M)‘V(tI) €IRG . (p)) T 3VXIM] = retuen VA (e, return V) €RY | (p) ]
Rocec(p)i= (RY, (0"

Figure 4.8: Ayon-calculus logical relations



Lemma 2.17 (basic lemma). Forall T +P: X,y € [T] and (V)

xeDom(F]:

(for all x € Dom (T): (mtyy, Vi) € Rrx)) = ([P]7v,P[Vx/XIxeDom(r)) € Rx
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Lemma 4.10 (basic lemma). For all ©, %, derivations © | +z. P : X,
0] Z ke An Val)aE@, 0 = ([Add Neor P = Rozac)ocer ¥ € [T](0), and
(Vx)

x€Dom (T’
ifforall x € Dom (I): (1Y, Vi) € Ry ;o (0) then ([PT(8)Y, PiVe/x)xcpom) € Rezex (P)

and for all ©, 2, (0| L Ay Val) o, 8 = ([Aa] (%) geor P = (Rysan (*]>o¢e®’ and
01LF A,B: Val, V(¢ ~ (.C,Nu,Np)) € £

(INLJ (@), NW) ER oo c (P Ry 1 (%)])
and

[[NIJ Nb> R[a|.rxz,f:)),l,e,l(e[cltxl/o(])—er((X'—>C[|x1/rx])—>C[<Xz/ﬂ<] (9[061 = Rw,:,/\(*)‘o‘z = RM,Z.B(*]])
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MONAD

Definition 2.1. A monad is a triple (T, return, =) where T is a class function Set — Set
and return™ : X — TX and >=*Y : TX x (X = TY) — TY are families of functions such
that for every f : X — TY, g : Y — TZ the following diagrams commute:

return >=f

X — id ™>X —— TY
\ l>ﬁf TX X \ l>>=g
~ 3= (Ax.fx>=g)
S=return TZ
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ALGEBRA FOR A MONAD T

A T-algebra for a monad T is a pair C = (|C|, c) where |C| is a set
and ¢ : T|C| — |C| is a function satisfying:

c(return x) = x c(fmap ¢ xs) = ¢(xs >>=1id)

for all x € |C| and xs € T?|C|. |C| is called the carrier and we call
c the algebra structure.
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