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Introduction: Turing machines

Pros:

> are easy to understand / imagine;

» are the de-facto standard model of computation
Cons:

» not compositional;

» encoding data is tedious;

» formal reasoning is tedious;

» completely unstructured



Introduction: Related Work

ﬁ Xu, Jian and Zhang, Xingyuan and Urban, Christian
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A formalization of multi-tape Turing machines
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ﬁ Alberto Ciaffaglione
Towards Turing computability via coinduction
Science of Computer Programming, 2016



Definitions

Let ¥ be a finite type and n: N.

Definition (n-tape Turing machine over ¥)

An n-tape Turing machine over X is a record mTM X n:
> @ is the finite type of states;
> 4R xO(X)" = Q x (O(X) x Move)"
(transition function);
> s: Q (start state);
> h: Q — B (halting states)
Where Move := {L, R, N}.

[Asperti and Ricciotti]



Definitions

Definition (Tape)

A tape over ¥ is either: [T] [T r R], [R T L], or [L ] T]'
Where r,/: ¥ and R, L: L(X).
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Definitions

Definition (Tape)

A tape over ¥ is either: [T] [T r R], [R T L], or [L ] T]'
Where r,/: ¥ and R, L: L(X).
Tape := niltape
| leftof (r: X) (R: L(X))
| midtape (L: £(X)) (m: X) (R: L(X))
| rightof (/:X) (L: £(X)).
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Definitions

Definition (Tape)

A tape over ¥ is either: [T] [T r R], [R T L], or [L ] T]'
Where r,/: ¥ and R, L: L(X).
Tape := niltape
| leftof (r: X) (R: L(X))
| midtape (L: £(X)) (m: X) (R: L(X))
| rightof (/:X) (L: £(X)).

Definition (Configuration)

A configuration is a record Confy := {state : Qu; tapes: Tape"}.

[Asperti and Ricciotti]



Definitions

Definition (Step function)

With the functions

wr_mv : Tape — (O(X) x Move) — Tape
current : Tape — O(X)

we define the step function step,, : Confy; — Confpy:

stepy (tapes, q) := let (¢, actions) := (g, map current tapes) in

(¢’, map, wr__mv tapes actions)

[Asperti and Ricciotti]



Definitions

Definition (Execution)

|s] h(s) = true
loop k f hs:=<¢0 h(s) =false Nk =0
loop (k — 1) f h (f(s)) h(s)="falseAk >0
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Definition (Execution)

|s] h(s) = true
loop k f hs:=<¢0 h(s) =false Nk =0
loop (k — 1) f h (f(s)) h(s)="falseAk >0

iconfy tin := (tapes, sm)
hconfy, (tapes, q) := hp(q)
execy tin k := loop k step,, hconf (initcps tin)

execy : Tape” — N — O(Conf)
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Definitions

Definition (Execution)

|s] h(s) = true
loop k f hs:=<¢0 h(s) =false Nk =0
loop (k — 1) f h (f(s)) h(s)="falseAk >0

iconfy tin := (tapes, sm)
hconfy, (tapes, q) := hp(q)
execy tin k := loop k step,, hconf (initcps tin)

execy : Tape” — N — O(Conf)

We write M(tin) B" cout, if execy tin N = | Cout]-

[Asperti and Ricciotti]



Correctness of machines

Definition (Realisation, M |=¢ R)
Let R C (Tape”) x (F x Tape”) and f : Qu — F, for a finite F.

M |=f R :=VY(ti, - Tape”) (i : N) (qout : Qm) (tour : Tape™).
M(tin) l>i (qouta tout) — (tim (f(qout)a tout)) S R.

Then we say that M realises R.



Correctness of machines

Definition (Realisation, M |=¢ R)
Let R C (Tape”) x (F x Tape”) and f : Qu — F, for a finite F.

M |=f R :=VY(ti, - Tape”) (i : N) (qout : Qm) (tour : Tape™).
M(tin) l>i (qouta tout) — (tim (f(qout)a tout)) S R.

Then we say that M realises R.

For partitioned machines M : {M': mTM X n; f: Qu — F},
we write M |= R.



Termination of machines

Definition (Termination, M | T)
Let T C (Tape”) x N.

ML T :=Y(tm, i) € T. Icout, M(tin)>' Cout

We say that M terminates in T.

10



Relations

Let RSCXXY;, TCYXZ, UCXxX; VCXx(FxY),and
P F=>P(XxY).

Standard relation combinators:
Parametrise relations:

RﬂS::{(,)}(xy)eR/\(xy €S}
RUS:={(xy)| (xy)€RV(xy)es}  TR={x@y)[a:FAlxy)eR}
,‘:\"o'l'::{(x,z)|3y7(7y)6:‘:\"/\(y7 GT} @R::{((X,a),y)‘a F/\(X,y)GR}
ldx := {(x,x) | x: X} Relational if:
Reflexive transitive closure: RoS: { (true, y)) } x,y) € R}
(x,y)e U (y,z) e U U{(x, (false,y)) | (x,y) € S}
(x,x)e U (x,z) e U Restriction: (for a fixed a : F)

Big union: VI = {(x,2) | (x,(a,2)) € V}
U¢(a) = {(x,y) } Ja, (x,y) € (¢ a)}

11



Combinators

» Implement programming primitives as operators on Turing
machines:

» match

» sequential composition
> if then else

» do-while

» Verify them using correctness relations

[Asperti and Ricciotti]

12



Sequential composition and If Then Else

Let M; be parametrised over F and M, over F'.

Corollary (Correctness of sequential composition)
/fMl H: R and Mo H: R», then (Ml; M2) H: Riol| R».

13



Sequential composition and If Then Else

Let M; be parametrised over F and M, over F'.

Corollary (Correctness of sequential composition)
/fMl H: R and Mo H: R», then (Ml; MQ) H: Riol| R».

Let M; be parametrised over B and M, and M3 over F.

Corollary (Correctness of boolean if)

If My H: R1 and M, H: Ry and M; H: R3, then
(/f Mi Then My Else M3) “: (R1|true) oRyU (Rl‘false) o R3.

13



Machine transformations

Problem: When combining machines, the numbers of tapes and
the alphabet have to match!

14



Machine transformations

Problem: When combining machines, the numbers of tapes and
the alphabet have to match!

Solution: Two operations on machines:
» n-Lift: add/rearange tapes

» Y -Lift: translate symbols

14



n-Lift

Let f : Fin,, < Fin, be an injection between tape indexes.

Let M be an m-tape F-partitioned Turing machine parametrised
over X, and R be a F-parametrised relation.

Define an n-tape Turing machine Lifty M and a relation Lifty R.

Lifte R := {(tin, (a, tour)) | (F (tin), (2, F *(tou))) € R}IN
1 {(tin, tour) | Vi & img f. tin[i] = toue[i]}

(Where £~ : Tape” — Tape™)

Lemma (Correctness of the n-Lift)

M = R — (Lifte M) |= (Liftr R)

15



Y -Lift
Let f : X < I be an injection between alphabets.

Let default : X.

Let M be an n-tape F-partitioned Turing machine parametrised
over X, and R be a F-parametrised relation.

Define an n-tape Turing machine Liftf gefaye M and a relation
Lift defaute R.

Liftt‘,del‘ault R := {(tfn7 (av tout)) } (f;;l;}ault(tfn)7 (a7 f;i;éult(t"”t))) € R}

Lemma (Correctness of the X-Lift)

M “: R — (Liftf,default M) ”: (Liftf,default R)

16



Encoding
Definition (Encodable types)
A type X is encodable over X, if there exists a function

encode : X — L X, s.t.

V(Vl Vo X) (r1 rn [,(Z))
encode(x) # rn =encode(va) 4 > vi=wAn=n

17



Encoding
Definition (Encodable types)

A type X is encodable over X, if there exists a function
encode : X — L ¥, s.t.

V(Vl Vo X) (I’l rn E(Z))
encode(x) # rn =encode(va) 4 > vi=wAn=n

Definition (Tape encodes value)

We write ¥ instead of ¥ + B.
For a X encodable over ¥, a ¥ "-tape t encodes a value x : X, if

t = [(rn 4 [inrtrue]) (inly) (map inl ys + inrfalse :: )]

for y :: ys = encode(x), and some i, € L X

17



Calculate functions

Definition (Calculate function)
A machine M computes a function f : X — Y from i < ntoj < n,
if M |= FunRel¢ ; ; with

FunReIf,,-,j =
M (tin, tout) | Vx : X, encodes(ti[i], x) — encodes(tout[j], F(x))}

18



Calculate functions

Definition (Calculate function)

A machine M computes a function f : X — Y from i < ntoj < n,
if M |= FunRel¢ ; ; with

FunReIf,,-,j =
M (tin, tout) | Vx : X, encodes(ti[i], x) — encodes(tout[j], F(x))}

Extendable to multiple tapes.

18



Example: De Morgan machine

Assume AND : mTM BT 2 that computes andb : B — B — B from
0and 1 to 1.

Assume NOT : mTM B™ 1 that computes notb : B — B.

19



Example: De Morgan machine

Assume AND : mTM BT 2 that computes andb : B — B — B from
0and 1 to 1.

Assume NOT : mTM B™ 1 that computes notb : B — B.

Fact: OR computes orb: B — B — B from 0 and 1 to 1.

Proof: Using the correctness lemmas about Lift and sequential
composition we get a relation R’ that M realises. Show
R" C FunRelop i j. This follows with the De Morgan law.

19



Example: De Morgan machine 2

Fact:
OR' := Lift[trueraIse,falsthrue] AND

also computes orb from 0 and 1 to 1.

20



Example: De Morgan machine 2

Fact:
OR' := Lift[trueraIse,falsthrue] AND

also computes orb from 0 and 1 to 1.

a a|lb blanb|anb|arnb=aVvhb
0 110 1 0 1 0
0 1|1 0 0 0 1
1 00 1 0 0 1
1 01 O 1 0 1




Other results

vV v v v v Y

Termination relations

match

while

mirror

Basic machines (move, read, write, nop)

Fact: All finite functions can be computed in 1 step.

21



Conclusion
What we have

» Formal definition of Turing machines and a framework of
correctness predicates;

» Construction and verification of combinators and
transformations;

» Formal definition of encoding and computation;
» Implementation of some basic and compound machines
Future work

» Verify compound machines with while, e.g. the projection
functions for tuples and lists;

» Build towards an interpreter for the weak CBV lambda
calculus L with time and space analysis;

» Build a Universal Turing machine
22



Backup Slides

This Are The Backup Slides!

Thank you!
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Match

The idea

Given:
» Two finite types F and F/,
» A machine M and a partitioning function p: Qy — F,

» For all a: F, a machine M), with a partitioning function
pay: Qu, — F'

Do:
1. Execute a machine M.
2. Depending on the state of termination gj:

| 2 i /
Execute the machine /\/Ip(qh).

25



Match

Example for a match machine

p(h1) = true p(h2) = true p(h3) = false

Y

Y

OJOJORC,

y

14

26



Match

Definition

Qmat:h = QM + {y F & Q(M}’/)}

ym(q, symbols) hm(q) = false

’Ymatch(inr(a7 CI)7 5ymb0|5) = ’V(M;)(q, symbols)

~Ymateh(inl g, symbols) = {

hmatch (inl q) := false
hmatch (inr(a, q)) = h(M;)(q)

Pmatch (in|q) =...
Pmateh (inr(a, q)) == pi(q)

27



Match

Correctness

Lemma (Correctness of match)

If M |= R and for each a: F, M., |= R., then

match |= U ((Rly) o RY)

y:F

28



Sequential composition and If Then Else

Definition (Sequential composition)
Mi; My := match M; (/\y.Mz)

Definition (Boolean if)

If My Then M, Else M3 := match (M) ()\b. {

Mo
Mz

b = true
b = false

)

29



While

Idea:
» Let M be parametrised over B x F.
» Repeat M until terminates in a
rejecting state
» Partition function returns the F
part

30



While

|dea:
| 2
>

>

Let M be parametrised over B x F.
Repeat M until terminates in a
rejecting state

Partition function returns the F
part

Example:
(0, N)

d

“

#1(p(qn1)) = true
#1(p(qn2)) = #1(p(qns)) = false

30



While

Example:
(0, N)
Idea:
» Let M be parametrised over B x F.
» Repeat M until terminates in a H g
rejecting state

» Partition function returns the F
part

d

¥

#1(p(qn1)) = true
#1(p(qn2)) = #1(p(qns)) = false

Lemma (Correctness of while)
If M |= R, then

*

while |= | | Rlruey) | © {(t:(v: ) | (¢, ((false, y), ') € R}
y:F



Encoding functions

encodesrip (inlx inr false :: map (inloinr) encode(x)

encodesryg (inly inrtrue :: map (inloinl) encode(y)

encodes.p (nil inr false

inrtrue :: map inl encodes(x) 4 encodey i(xs)

map inl encodes(x) 4 map inr encoder(y)
= [false]

= true :: encodeg(n)

encodes 1 (x,y

)=
)=
)=
encodesig (x :: xs):
):
encodep (0):

):

encodeg (Sn

31



n-lift

e
2\z>@

Figure: Tape retract encoded as the index-vector [1,0, 3].
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> -lift

Figure: Example alphabet retract; ~ is the default symbol in .
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Basic machines

Classes of 1-tape machines for each basic action
(together with partitioning functions):

» Move head in the direction D
» Write one symbol
» Read one symbol

> nop

34



Basic machines

Classes of 1-tape machines for each basic action
(together with partitioning functions):

| 4

>
>
>
>

Move head in the direction D
Write one symbol

Read one symbol

nop

Write a list of symbols (defined per recursion over the string)

34



Coq code dimensions

Lines Spec | Lines Proof
Prelim 235+ 286+
Relations/Retracts 475 269
Def. nTM 215 85
> -Lift 132 129
n-Lift 153 195
Basic machines 142 69
Encoding 170 164
Computation 241 289
Combinators 158 354
Finite and B TM 112 203
Y 2033 2042
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